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Abstract 
Zhang, F. and M. Zheng, Generalized hexagonal systems with each hexagon being resonant, 
Discrete Applied Mathematics 36 (1992) 67-73. 
An edge of a generalized hexagonal system H is said to be not fixed if it belongs to some but not 
all perfect matchings of I-I. In this paper we give a necessary and sufficient condition for a 
generalized hexagonal system in which every edge is not fixed. Applying the above result to com- 
plete generalized hexagonal systems, we obtain a simple criterion to determine whether or not 
each hexagon of a complete generalized hexagonal system is resonant, and give a new and simpler 
proof of the main theorem of [4]. 
Since the hexagonal system with at least one perfect matching can be regarded as 
the skeleton of a benzenoid hydrocarbon molecule, the hexagonal system has been 
studied by mathematicians and chemists. The reader interested in thz subject may 
consult [1,3]. From resonance theory and Clar’s theory of the aromatic sextet, in 
general not every hexagon of a hexagonal system is resonant. in j4], tk hexagonal 
systems for which each hexagon is resonant are characterized. This paper considers 
the case of generalized hexagonal systems, i.e., the hexagonal systems having “holes”. 
A hexagonal system (HS) is a finite 2-connected plane graph in which each in- 
terior face is a regular hexagon of side length 1. All hexagons which appear in this 
paper are regular and have side length 1. Undefined terminology can be found in [4]. 
A matching M of a graph G is a set of indepeedent edges of G. If each vertex 
of G is incident with an edge of M, then M is called a perfect matching. 
A generalized hexagonal system (GHS) is a graph obtained by deleting some in- 
terier vertices and interior edges from a hexagonal system. All generalized hex- 
agonal systems considered in this paper have perfect matchings. 
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A GHS H is said to be complete if each 0, . . f its edges belongs to a hexagon of H. 
An edge of a generalized hexagonal system H is called a fixed-single bond if it 
is not in any perfect matching of H and a fixed-double bond if it belongs to every 
perfect matching of H. If an edge of H is either a fixed-single or a fixed-double 
bond, it is called a fixed bond. Note that each nonfixed bond belongs to some but 
not all perfect matchings of H. 
Let M be a perfect matching of a GHS H, and C be a cycle of H. C is said to 
be an M-alternating cycle if its edges are alternately in M and E(H) -M, where 
E(H) is the set of edges of H. C is called an alternating cycle of H if there is a perfect 
matching, M’, of H such that C is an M’-alternating cycle. C is a maximal alter- 
nating cycle of H if it is an alternating cycle and not contained in a subgraph of H 
which is bounded by another alternating cycle (not equal to C) of H. 
A hexagon of a generalized hexagonal system is said to be resonant if it is an alter- 
nating cycle of the generalized hexagonal system. 
Remark 1. If an edge of a GHS H belongs to an alternating cycle of H, then it 
is not a fixed bond of H. Indeed, by the alternating cycle we can construct wo per- 
fect matchings of H so that the alternating cycle belongs to the symmetric difference 
of the two perfect matchings. Therefore each edge of the alternating cycle is not 
fixed in H. Similarly, for a nonfixed edge of H it belongs to some alternating 
cycle of H. 
We define the boundary of a GHS H to be the union of all the boundaries of 
nonhexagon faces and the infinite face of H. 
In [4], a simple criterion is given to determine whether or not a hexagonal system 
has the property that each of its hexagons is resonant. But this criterion cannot be 
simply applied to a GHS. It seems to be difficulr to extend the methods used in [4] 
to the case of a GHS. In this paper our main aim is to give a necessary and sufficient 
condition for a generalized hexagonal system which has no fixed bond. From this 
result we generalize the main result of [4] to complete generalized hexagonal systems 
and prove the main theorem of [4] in a new and simpler way. 
First, we give several emmas. 
Lemma 2. Let H be a GHS, M a perfect matching of H, C an M-alternating cycle 
and P an M-alternating path, i.e., the edges of P are alternately in M and E(H) - M. 
If the intersection of P and C consists of the two end vertices of P, then the edges 
of P and C are not fixed in H. 
Proof. )Jy Remark 1, we only need to prove that each of the edges of P and C is 
in some alternating cycle of H. Since H is a bipartite graph and each cycle of H has 
even length, it is easy to check that each edge of P and C is in either an M-alternating 
cycle or an M@C-alternating cycle where M@ C denotes the symmetric difference 
of M and C. C 
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Let H be a GI-IS, e an edge of H, el and e2 the edges of H which are not 
parallel to each other and adjacent to e, s the hexagon which contains e, el and 
e2 (note that s may or may not be a hexagon of H, if all sides of s belong to 
H it is a hexagon of H, otherwise it is not). By L,,, we denote the segment 
of the perpendicular bisector of e such that it starts from the midpoint of e 
and if s is not a hexagon of H it ends at the central point of s, otherwise it 
passes through s and ends at the boundary of H and is totally contained in some 
hexagons of H. 
Lemma 3. Let H be a GHS, M be a perfect matching of H and e be a fixed-single 
bond of H. If the edges el and e2 of M which saturate the end vertices of e belong 
to a hexagon s (s may or may not belong to H), then the edges of H which intersect 
Lse are all fixed-single bonds. 
Proof. If s does not belong to H, then only e intersects L,, and the lemma is true. 
SO we may assume s to belong to H. Let sl, s2, . . . , s, (where sI =s) be a sequence of 
hexagons of H which intersect L,, such that si and si+, (i = 1, . . . , n - 1) have a com- 
mon edge. We denote the common edge of si, Si+ , by ei (i = 1,2, .. . , n - I), denote 
the edge of s, which intersects L,, and is not equal to eiI _ , by e;, . Note that ei is 
on the boundary of H. Let k be the maximal integer such that two edges of si 
(ir k), which are parallel to el , e2 respectively and adjacent to ei_, (if i= 1 WC 
define ei__ , = eh to be e), belong to M. Since el , e2 are in sI , kz 1. We claim k = n 
otherwise ei will belong to M. Then it is easy to check that these edges of s]:s (is k) 
not intersecting L,, and e, e; form an M-alternating cycle of H. Thus by Remark 
1, e is not fixed. This contradicts the assumption of this lemma. Thus by the choice 
of k, e;,e; ,..., ei_, are not in M. Similarly, ei is not in M otherwise the edges of 
the sj (i= 1, *.. 9 n) except e; (is (n - 1)) form an M-alternating cycle of H. Therefore 
e is not fixed, and this contradicts the assumption of this lemma again. The above 
result is shown in Fig. 1. The bold edges belong to M. 
Now we prove e,e;, . . . . ei_,, e’ to be fixed-single bonds of H. If all of them are n 
fixed-single bonds of H, there is nothing to prove. Otherwise, we may choose e:ll 
such that eiI is not a fixed-single bond but e, e;, . . . , e;,,_ 1 are fixed-single bonds of 
H (if m = 1, define e:,, _ , =e). Since e;,l is not a fixed-single bond and not in M, it 
belongs to a perfect matching M’. Thus eiPl belongs to the symmetric difference of 
M and M’. So there is a cycle, C, of MOM’ containing e;,,. It is obvious that C is 
an M-alternating cycle of H and e:,,_ 1 is not in C for e,,,_ 1 is a fixed-single bond. 
Let e:, e; be the two edges of M adjacent o e:,,_ I (note that they belong to s,,,). 
See Fig. 1. 
There are three cases: 
Case 1: e:, e; are not contained in C. Then the edges of s,,, except e:,, form an 
M-alternating path with its two end vertices in C. By Lemma 2, e:,,_ l is not fixed 
in H. This contradicts the choice of ei,,. 
Case 2: er, e; are in C. Then e:,+ 1 forms an M-alternating path with its two 
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Fig. 1. 
end vertices in C. Then by Lemma 2, e;,l _ 1 is not fixed in H. This contradicts the 
choice of e:N. 
Case 3: One but not both of ef, e: is in C. Without loss of generality, assume 
ef to be in C. Note that e:l,_ 1 I e: and the edge of s,, which is adjacent o e: and 
ef,l form an M-alternating path with its end vertices in C. By Lemma 2, eh _ I is not 
fixed in H. This contradicts the choice of e;P1 again. 
The above contradictions mean that e:N does not exist. Thus the lemma is 
established. Cl 
Now we point out that for any 2-connected graph if it has a perfect matching then 
it has at least two different perfect matchings (see [2, p. 3451). Since any GHS in 
this paper is 2-connected and has perfect matchings, it has at least one alternating 
cycle. 
Lemma 4. Let H be a GHS and have fixed bonds. Then there is a fixed-single bond 
e and a perfect matching M of H so thut the edges of M which saturate the end ver- 
tices of e are not paraliel. 
Proof. Assume B be the subgraph of H which is the union of all alternating cycles 
of H. Note that each edge of B is not fixed in PI. Since every nonfixed edge of H 
belongs to some alternating cycles of H, B consists of all nonfixed bonds. Hence 
B#H. We may choose an edge e of H which is not in B and adjacent o one edge 
of B, say e’. Let e’ be in the alternating cycle C of H. By the definition of the alter- 
nating cycle, there is a perfect matching M so that e’ is in M and C is an M- 
alternating cycle of H. Since e is fixed (we know this by the choice of e), e is not 
in C. We claim that e is a fixed-single bond. Otherwise if e is a fixed-double bond, 
then c”- Mongs to every perfect matching of H. But e is not in M, this is a contradic- 
tion. Let the ofher edge (nor equal to e’) of M w!rich saturates one end vertex of 
e be e”. We claim that e” it ,iot in C. Otherwise if e’, e’ are in C, we see that both 
end vertices of e are in C, and then by Lemma 2, e is not fixed in V, a contradiction. 
If e’, e” are not parallel, the lemma is proved. If e’, e’ are paraJ.l, then the edges 
of the perfect matching M@C of H, which saturate the end vertjces of e, are not 
parallel. Thus the lemma is established. Ll 
Hexagonal systems 71 
Lemma 5. If a GHS has some fixed bonds, then there is at least orre fixed-single 
bond in the boundary of it. 
Proof. By J,emmas 4 and 3, we can get the result easily. Cl 
Lemma 6. Let C be a maximal alternating cycle of a generalized hexagonal system 
H. Then the edges incident with the vertices of C in the outside of C are fixed-single 
bonds. 
Proof. Since C is an alternating cycle of H, there is a perfect matching M of H so 
that C is an M-alternating cycle. If there is an edge e in the outside of C and incident 
with some vertex of C which is not fixed, then there exists a Perfect matching, M’, 
of H containing e. Hence there is an M-alternating cycle, C’, which is contained in 
MOM’ such that e belongs to it. Let P be a path in C’ which contains e such that 
the intersection of P and C consists of the two end vertices of P (note that such a 
path must exist, because C# C’ and the intersection of C and C’ is not empty). See 
Fig. 2. 
In case of Fig. 2(a), C is not maximal. In case of Fig. 2(b), there is a large M@C- 
alternating cycle such that the subgraph bounded by this cycle contains C. This con- 
tradicts the choice of C. 0 
Theorem 1. Let H he a generalized hexagonal system and have no fixed bonds. 
Then the boundary of every face of H is an alternating cycle of H. 
Proof. First we prove that the boundary of the infinite face of H is an alternating 
cycle of H. Select a maximal alternating cycle of H. By the assumption of this 
theorem and Lemma 6, this maximal alternating cycle must be equal to the bound- 
ary of the infinite face of H. 
Let F be the boundary of any finite face of H. Since the boundary of the infinite 
face of H is an alternating cycle, F is contained in the region bounded by an alter- 
nating cycle of H. Let C be an alternating cycle of H such that the region bounded 
by C contains F and is as small as possible. If F= C, F is an alternating cycle of H. 
C 
(a) 
(b) 
Fig. 2. 
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If F#C, thLn there is an edbc 00e inside C which is incident with a vertex of C. 
Since C is an alternating cycle of H, we may assume that C is an alternating 
cycle of a perfect matching, M, of H. Note that e, by the assumption of the 
theorem, is not fixed. Then there is another perfect matching M’ of H which 
contains e. It is easy to see that e does not belong to M. So e belongs to the 
symmetric difference of M and M’. Therefore e belongs to an M-alternating cycle, 
C’, of H. Let P be the path in C’ such that e is in P and the intersection of P 
and C consists of the two end vertices of P (note that C and C’ are different, 
such a path must exist). P separates the region bounded by C into two parts. It 
is easy to check that the boundary of each part is either an M-alternating cycle 
or an M@C-alternating cycle of H. Both parts are smaller than the region bounded 
by C. Since F is the boundary of a face of H, Fis contained in one of the two smaller 
regions. The above fact contradicts the choice of C. Thus F is an alternating cycle 
OfH. q 
Theorem 8. A generalized hexagonal system has no fixed bond if and only if the 
boundaries of its infinite face and nonhexagon faces are its alternating cycles. 
Proof. The “only if part” can be obtained directly from Theorem 7. Conversely, 
if there is a fixed bond of H, by Lemma 5, there is at least one fixed-single bond 
in the boundary of H. This contradicts the assumption of the theorem. q 
Theorem 9. Every hexagon of a complete generalized hexagonal system H is reso- 
nant if and only if the boundaries of the iF$kiie Jface and nonhexagon faces of H 
are alternating cycles of H. 
Proof. If each hexagon of H is resonant, then H has no fixed bond. Hence by 
Theorem 8, we know that the “only if part” of the theorem is true. If the boun- 
daries of the infinite face and nonhexagon faces of H are alternating cycles, then 
by Theorem 8, H has no fixed bond. By Theorem 7, each hexagon of H is an alter- 
nating cycle of H. Thus each hexagon of His resonant, and therefore the “if part” 
is true. Cl 
Corollary 10 (F. Zhang and R. Chen [4]). Each hexagon of a hexagonal system H 
is resonant if and only if the boundary of H is an alternating cycle of H. 
Proof. Since a hexagonal system is a complete generalized hexagonal system, by 
Theorem 9, we can obtain this corollary immediately. 0 
Remark 11. In general, for neralized hexagonal systems, Theorem 9 is not true. 
See Fig. 3, this generalized hexagonal system, called Hex-m-phenylene, has the 
property that each of its hexagons is resonant but its boundaries of nonhexagon 
faces are not its alternating cycles. 
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Fig. 3. 
Remark 12. Using Theorem 9 and the Hungarian Algorithm [2, p. 151, we can ob- 
tain an algorithm to determine whether or not each hexagon of a compiete general- 
ized hexagonal system is resonant in polynomial time. 
Remark 13. For a noncomplete generalized hexagonal system, we can check 
whether or not each of its hexagons is resonant as follows. First delete its fixed 
bonds not in any of its hexagons to obtain a subgraph of it. Then use Remark 12 
for each connected component of the subgraph. 
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